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Assumption of normal distribution of
rates of return on financial markets

For example

— Portfolio theory (Markowitz),
— CAPM
— Black-Scholes model of valuating options



The aim of the paper

To verify the hypothesis on the normal
distribution of:

a) dally,

b) weekly,

c) monthly,

d) quarterly

e) yearly

of 65 stock index returns.
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Methodology

* The paper consists of 3 parts
» Rates of return:

For each of the analvzed indices the following rates of return were calculated (dailv rates of

return):

a) Close — Close (C-C): In (ci) (last session close vs previous session close)
t

b) Owvemight (OV): In (r:i) (last session open vs previous session close)
t

c) Open —Open (0-0):In (oi) (last session open vs previous session open)
t

d) Open —Close (0-C):ln {%) (last session close vs last session open)
t

where:
C: — closing price in the period ¢,
C+.1 — closing price in the period -],
(J); — open price in the period ¢,

(O:.1 — open price in the period t-1.



Methodology 2

The choice of the above rates of return
results from two premises:

— a transaction takes place at strictly defined
moments of the session at the opening or
closing prices.

— derives of earlier scientific papers, because
most research concentrates solely on the
close-close rates.



Methodology — time horizon

a) Since the first session to 31.06.2017

b) For the following rates of return:
a) daily,
b) weekly,
c) monthly,
d) quarterly
e) Yyearly



Methodology

* Test:
— Jarque-Bera (JB),
— Lilliefors (L),
— Cramer von Mises (CVM),
— Watson (W)
— Anderson-Darling (AD).

* p (p value) calculated



The hypothesis

* The hypothesis H, was formulated as
follows: the distribution of the analyzed
Index returns Is a normal distribution.

* The alternative hypothesis H, takes the
following form: the distribution of the
analyzed index returns does not follow a
path of a normal distribution.



Methodology — part Il of
research

* The hypothesis of the normal distribution
of return rates for the following indices:
CAC40, DAX, DJIA, FTSE250, NIKKEI
and S&P 500 in the period 2013-2016 was
verified (for each year)

* For DJIA selected 28 up and down waves




Methodology — part Il

 The implemented test in the second part:
— Jarque-Bera,
— Kotmorgow-Smirnow,
— Lilliefors,
— Cramer von Mises,
— Watson,
— Anderson-Darling



Methodology — part Il

* The purpose of this study is to
demonstrate that the distribution of rates
of return for individual indices can be
normal in shorter time intervals.

« Part two of the study can be considered as
an introduction to the third part.



Metodologia — part Il

| K=30, 126, 252 sessions
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* p—as a metrics

* p — calculated for tests: Jarque-Bera,
Shapiro-Wilk and D’Agostino-Pearson.



Metodologia — part Il

* Frequency of p>0,05 for each of the tests,
for each K and for each of returns

* (together 3x3x4=36 statistics)



Methodology— rankings

5[+H+H = 5! + SH +5HI

where:

51 -  position in the ranking of a given index for Jarque-Bera test,
S;r - position in  the ranking of a given index for Shapwro-Wilk test,
Sm - position in the ranking of a given index for D'Agostino-Pearson test,

As aresult 12 rankings were obtained: (4 rates of return: C-C, 0-0, U-_ and ovemight) x (3
investment horizons K: 30, 126 and 252 sessions). Then on the basis of these 12 ratings, the

following sum of the ratings was calculated for each of analvzed indexes:

Global Spa gy = o054 KF30g 4 K706 4 KS30g 4 KS100g 4 KEIODG 4 K100 G 4 KS10DS 4+
ranking X225 4 RS2y KS2g ) K282

where:
*f,gS - position of a given index in the ranking for a specific time horizon K (K = 30, 126 and

252 sessions) and retumn tvpe X (C-C, 0-O, O-C and ovemight).

The sums 5;, ,,for each of analyzed indexes were used in the process of a global ranking

construction.



Main and auxiliary thesis

The main thesis of the analysis has been formulated as
follows: in long time intervals, the returns distributions
are not normal distributions.

As a long time interval, investment horizon covering
several years was assumed.

In turn, the secondary thesis of the research may be
expressed as follow: in the shorter investment horizons,
the distribution of equity indexes returns may be normal.

The auxiliary thesis can also be written in a slightly
different way: returns of equity indexes are serially
normal.



Results



Results — | part

* |n case of the daily and weekly rates or return
the hypothesis H, was rejected in favor of the
hypothesis H, (for all indexes).

* In case of monthly rates of return there was no
reason to reject the H, hypothesis for 42 indexes

but only for:
* 4 indexes (C-C)
» 2 indexes (O-0O)
* 3 indexes (O-C)
* the result obtained with the use of one test were
confirmed by results given by another statistical

test — see table 1.



Table 1. The value of the parameter p for indices for which the obtained results with the use of one test were confirmed
by the second test. Values of p> 0.05 marked in bold.

c-C 0-0 0-C
Index J-B L CVM | W A-D IB L CVM | W AD | JB |L|cvM | W AD
FTSEMIB | 0.0415 0.1 | 0.0164| 0.165| 0.0074| 0.024| 0.0107 | 0.0018 | 0.0016 | 0.0014 | 0.1016 | 0.1 | 0.0275 | 0.0282 | 0.0307
PSI20 0 0.1 | 0.0784 | 0.0007 | 0.039 0| 0.0755 | 0.0362 | 0.0334 | 0.0072 o| o 0 0 0
SESESLCT | 0.4831 0.1 | 0.683] 0.6672 | 0.6437 | 0.4757 0.1] 0.7173 | 0.6995 | 0.6592 | 0.4799 | 0.1 | 0.6998 | 0.6848 | 0.655
TOPIX 0| 0.0767 | 0.0775| 0.118 | 0.1004 | 0.0005 0.1 0.2413 | 0.3324 | 0.3128 0]o01| 0.07] 0.1204 | 0.0837

Source: own calculations




Quarterly rates of return

For quarterly rates of return the number of
cases when there was no reason to reject
the H, hypothesis was as follows:

C-C (16): BUX, FTSE MIB, IBEX35, IPC, MEXICIPC, NZX50, PSI20, RUSSEL*, SAX, SDAX,
SESESLCT, SSEBSHARES, TAIEX*, TOPIX, UX, XU100,

0-0 (19): BUX, FTSE MIB, IBEX35, IPC, MEXIXIPC, NZX50, OMXTALIN, PSI20, PSEI20*,
RUSSEL, SAX, SDAX, SENSEX*, SESESLCT, SSEBSHARE, TAIEX, TOPIX, UX*, XU100,

O-C (17): BUX, FTSE MIB, IBEX35, IPC, MEXIXIPC, NZX50, PSI20, RUSSEL*, SAX, SDAX,
SESESLCT, SET*, SSEBSHARE, TAIEX, TOPIX, UX, XU100,

Overnight (4): EOE, HEX, TEXCADX, TOPIX.

With “*” are marked these indexes when the rejection of the H, hypothesis was obtained with the
use of one test only.



Yearly rates of return

* For yearly rates of return the number of
cases when there was no reason to reject
the H, hypothesis was equal to: 55 (8), 51
(3), 52 (6), 21 (6) for C-C, O-0O, O-C and
overnight rates of return, respectively.

 The number of cases In parentheses Is

given when the null hypothesis was
rejected by only one test.



Yearly rates of return — part 1

Table 3. The value of the parameter p for yearly equity index rates of return. Values of p> 0.05 marked in bold.

Tdd D or
1® L oM w
AEX 03011083 2003 a4 003LE 00340
ALL Colipgsin QL1000 e el LT ]
Az, Com. 02011987 45136 %] dadid | a7
BEL 0201191 ] [F] 0043 | aaTi
BET 3110200 X T TE T 0OLTEL  BOLTE
| Berags 12.07. 1987 S0 ] ] ]
Bap 0201191 (¥ 7] [F] [EE b I ETPT)
CAC4D 08011065 A34d8 %] 42276 | ademd
CIAY 15.03 2004 ooeE | easid [EIF R Y Iv T
Dax 28.00. 1950 aanis | eams aiTs| egas
TIcA 23.12. 1980 oolds|  eaTs oot aaTed
ora 0201 o0 G0N G0EE G0E L 00T
DT 0201 109 ] [X] [ET:EI e
bulgiry 02,01 100 DOMT! B 0003 | L
=3 0011095 D0ME B0 [Py T
FTIELOQ 22.10. 1092 dagen | eamsd GO 00258
FTSELSD FIMENTH 00138 0t | 1429 42277
FIIEME 0201097 eo4zd|  eagan GOLIE ] 0B6L
HANGSENG 24.01 10 43447 %] At | adsed
iy 00011095 wagat|  aasme B091T] B0L4E
mEws 05011087 [ELET [X] Besi|  aes3
EX EJNENT ] ] ] ] ]
b1 0a.L1. 100 47318 %] dsma|  adms
b 7Y 02.01.1087 [RTEL) %] a263s | a2sed
1 04.04. 1083 41247 %] aas | agese
Al 03011977 42758 %] aams| eamaa
KOsk 04,01 L980 45223 %] as43s| esass
DAY 20.00. 109% aases|  eamen agass|  waner




Yearly rates of return — part 2
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Conclusion

* The obtained result permit to formulate the
following conclusion:

* The higher the data compression (daily-
>weekly->monthly->quarterly->yearly), the
less number of H, hypothesis rejection.



Verification of the hypothesis of
normal distribution of returns for
the following indexes: CACA40,
DAX, DJIA, FTSE250, Nikkel and
S&P500 when the investment
horizon is equal to one year and
during 28 up and down waves for
DJIA index



Table 4. Results of testing the null hypothesis for each year (in the period of (2013-2016)

: _ 0-0 _oc = Ovemight :

v [oXd]
IB L | CVM

2013 0 0.1| 0.0626

DITA 2014 0 0 0

2013 0| 0.0697| 0.0159

2016 0 0 0

2013 0! 0.0419) 0.017

<500 : 2014 0 0 0

2015 0! 0.0073| 0.0007

2016 0 0 0

2013 0.0004 0.0075 0.004

DAX 2014 | 0.0351 0.0008 0.0001

2015 0.2083] 0.1| 0.0707

2016 0 0.005 0.0007

2013 0.0001| 0,0858] 0.0074

CACHD 2014 | 0.0002! 0.0146! 0.0032
2015 0.0005! 0.0326 0.0028

2016 0 0.0004 0

20132 0| 0.0768| 0.0125

Frsgaso | 2014[0.4816) 0.1 0.6962
2013 (i 0.1| 0.0145

2016 0 [ [

2013 0| 0.0786| 0.0518

Nikkei225 |..2014 00005 00013 0.0001
L2013 [ [ Q

{2016 [ 0 0

Source: own calculations



If for individual index, at least two out of six tests do not
allow to reject the null hypothesis, the distribution of
returns represents a normal distribution in period of the
analyzed years. Such outcomes were registered for:

— DJIA: O-C (2013), O-O (2013) and O-C (2013),

— DAX: C-C (2015), O-O (2015) and O-C (2015),

— S&P 500: Overnight (2016),

— FTSE250: C-C (2014), O-O (2014) and O-C (2014),

— CAC40: O-C (2016),

— NIKKEI225: C-C (2013), O-O (2013 and 2014) and Overnight
(2013, 2014, 2015 and 2016).



Up and down waves of DJIA
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Results- Part Il|

-31.03.2017 when carrying out three different tests and

Figure 2. Value of parameter p for DJIA in the period 02.01.2015
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Results Part Ill (DJIA)

Figure 3. The percentage of cases where there was no reason for rejecting the null hypothesis for DJIA returns with the
use of larque-Bera test, depending on K [change of K: every 1 unit)
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Results — Part Il (DAX)

Figure 4. The percentage of cases where there was no basis for rejecting the null hypothesis for DAX returmns with the use
of larque-Bera test, depending on K (change of K: every 5 units)
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Figure 5. The percentage of case

ere there

Results Part Il

was no basis for rejecting the null hypothesis for CACAD index retums with

the use of larque-Bera test, depending on K [change K: every 5 units)
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Figure 6. The percentage of case

ere there w

s no basis for rejecting the null hypothesis for FTSEZ50 index returns

with the use of Jarque-Bera test, depending on K [change K: every 5 units)
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Figure 7. The percentage of cases where there
the use of larque-fera test, depending on K [change K: every 5 units)
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Figure 8. The percentage of cases where there w
th the use of Jargue-Bera test, depending on K [change K:every 5 units)
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Results - Part ||

Figure 9. The percentage of cases where there was no reason for rejecting the null hypothesis for six main indexes
returns with the use of Jarque-Bera, D’Agostino-Pearson and Shapiro-Wilk tests, depending on K (K=30, 126 and 252
sessions)and C-C rates of returnl
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Results — Part 1l

* For small K, the highest percentage of
non-rejecting null hypothesis was
observed for the DAX Index, followed by
CAC40, DJIA, S&P500, FTSE250 and
NIKKEI — see figure 9.

« With the increase of the parameter K, this
order remained stable. For K=252 the
deference In percentage of non-rejection
null hypothesis between DAX and NIKKEI
was higher than for K=30.



Ranking of equity indices due to the proximity
of their rates of return to the normal
distribution

s ii L P N T Y YT T T T T
N - For example, for K = 30 sessions
= ] and C-C rates of return the first three
e places were ranked as follows: UX,
e - TECDAX and TAIEX, while the last
he three were listed in the order:
e o SESESLCT, OMXRIGA and RTS.
slocas In the total ranking, the top three
e o places were: AEX, EOE and TAIEX,
= and the last three: OMXRIGA and
equally placed: RTS and SESESLCT




Conclusions

* Some of the conducted calculations prove
unequivocally that the distribution of daily
returns of equity indexes Is not a normal
distribution, thus confirming the results
obtained by other researchers such as
Kendall (1953), Fama (1976), Barunika et
al. (Barunik, Vacha, Vosvrda, 2010).

* This remark applies to C-C rates of return



Conclusions

* The research shows also that the
distribution of the remaining daily returns,
e.g. O-0O, C-0O and overnight, calculated
for the analyzed equity indexes does not
follow a path of a normal distribution.



Conclusions

* It has been proved that the distribution of
returns can be normal only in given time
Intervals.

 Time Intervals can be set as individual
years or up and down waves.

* The obtained results are consistent with
those of Pilasecki and Tomasik [Piasecki,
Tomasik 2013] who proved the normal
distribution of returns in certain upward and
downward price movements on the Polish
market.



Conslusions — stock index
ranking

* As a result, it was found that the position
of the index In the ranking Is not
dependent on the date of its first
publication, and hence on the number of
rates of return possible to calculate for
analyzed index, but on the distribution of
these rates of return.



* Analysis of the results obtained for K = 30
sessions concludes that for such short
time interval, a sharp index change leads
to a violent decrease In the value of
parameter p.



Figure B. The p-parameter chart for the DJIAindex, K =30, the Jargue-Bera test, the return rate (C-C) and the annualized
standard deviation (p-value and level 0.05- left scale, C-C return and standard deviation - right scale)
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* For example, with a strong increase in
volatility on 19.08.2015, the value of p
dropped below the trigger value of 0.05.
Explaining the decrease in the value of
parameter p below 0.05 for K = 126 and K
= 252 sessions becomes more complex
Issue and requires further investigation.



Further research

 Other markets

— commodities
— FX
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