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Assumption of normal distribution of 

rates of return on financial markets 

For example 

– Portfolio theory (Markowitz),  

– CAPM 

– Black-Scholes model of valuating options 



The aim of the paper 

To verify the hypothesis on the normal 

distribution of: 

a) daily,  

b) weekly,  

c) monthly,  

d) quarterly  

e) yearly  

of 65 stock index returns.  
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Methodology  

• The paper consists of 3 parts  

• Rates of return: 



Methodology 2 

The choice of the above rates of return 

results from two premises:  

– a transaction takes place at strictly defined 

moments of the session at the opening or 

closing prices.  

– derives of earlier scientific papers, because 

most research concentrates solely on the 

close-close rates.  



Methodology – time horizon 

a) Since the first session to 31.06.2017 

b) For the following rates of return: 
a) daily,  

b) weekly,  

c) monthly,  

d) quarterly 

e)  yearly  

 

 



Methodology  
• Test: 

– Jarque-Bera (JB),  

– Lilliefors (L),  

– Cramer von Mises (CVM),  

– Watson (W)  

– Anderson-Darling (AD). 

• p (p value) calculated 



The hypothesis 

• The hypothesis H0 was formulated as 

follows: the distribution of the analyzed 

index returns is a normal distribution.  

• The alternative hypothesis H1 takes the 

following form: the distribution of the 

analyzed index returns does not follow a 

path of a normal distribution.  

 



Methodology – part II of 

research 
• The hypothesis of the normal distribution 

of return rates for the following indices: 

CAC40, DAX, DJIA, FTSE250, NIKKEI 

and S&P 500 in the period 2013-2016 was 

verified (for each year) 

• For DJIA selected 28 up and down waves 

 



Methodology – part II 

• The implemented test in the second part: 

– Jarque-Bera,  

– Kołmorgow-Smirnow,  

– Lilliefors,  

– Cramer von Mises,  

– Watson, 

– Anderson-Darling  

 



Methodology – part II 

• The purpose of this study is to 

demonstrate that the distribution of rates 

of return for individual indices can be 

normal in shorter time intervals.  

• Part two of the study can be considered as 

an introduction to the third part. 

 



Metodologia – part III 

• p – as a metrics 

• p – calculated for tests: Jarque-Bera, 

Shapiro-Wilk and D’Agostino-Pearson. 

p 

p 

p 

t0 t0+K 

t0+1 t0+1+K 

t0+2 t0+2+K 

K=30, 126, 252 sessions 



Metodologia – part III 

• Frequency of p>0,05 for each of the tests,  

for each  K and for each of returns 

• (together 3x3x4=36 statistics)  



Methodology– rankings 

𝑆𝐼+𝐼𝐼+𝐼𝐼 = 𝑆𝐼 + 𝑆𝐼𝐼 + 𝑆𝐼𝐼𝐼 

Global 

ranking 



Main and auxiliary thesis 

• The main thesis of the analysis has been formulated as 

follows: in long time intervals, the returns distributions 

are not normal distributions.  

• As a  long time interval, investment horizon covering 

several years was assumed.  

• In turn, the secondary thesis of the research may be 

expressed as follow:  in the shorter investment horizons, 

the distribution of equity indexes returns may be normal. 

• The auxiliary thesis can also be written in a slightly 

different way: returns of equity indexes are serially 

normal. 

 



Results 



Results – I part 

• In case of the daily and weekly rates or return 

the hypothesis H0 was rejected in favor of the 

hypothesis H1 (for all indexes).  

• In case of monthly rates of return there was no 

reason to reject the H0 hypothesis for 42 indexes 

but only for: 
• 4 indexes (C-C) 

• 2 indexes (O-O) 

• 3 indexes (O-C) 

• the result obtained with the use of one test were 

confirmed by results given by another statistical 

test – see table 1. 





Quarterly rates of return 

• For quarterly rates of return the number of 

cases when there was no reason to reject 

the H0 hypothesis was as follows: 
• C-C (16): BUX, FTSE MIB, IBEX35, IPC, MEXICIPC, NZX50, PSI20, RUSSEL*, SAX, SDAX, 

SESESLCT, SSEBSHARES, TAIEX*, TOPIX, UX, XU100,   

• O-O (19): BUX, FTSE MIB, IBEX35, IPC, MEXIXIPC, NZX50, OMXTALIN, PSI20, PSEI20*, 

RUSSEL, SAX, SDAX, SENSEX*, SESESLCT, SSEBSHARE, TAIEX, TOPIX, UX*, XU100,  

• O-C (17): BUX, FTSE MIB, IBEX35, IPC, MEXIXIPC, NZX50, PSI20, RUSSEL*, SAX, SDAX, 

SESESLCT, SET*, SSEBSHARE, TAIEX, TOPIX, UX, XU100,   

• Overnight (4): EOE, HEX, TEXCADX, TOPIX.  

• With “*” are marked these indexes when the rejection of the H0 hypothesis was obtained with the 

use of one test only.  

 



Yearly rates of return 

• For yearly rates of return the number of 

cases when there was no reason to reject 

the H0 hypothesis was equal to: 55 (8), 51 

(3), 52 (6), 21 (6) for C-C, O-O, O-C and 

overnight rates of return, respectively.  

• The number of cases in parentheses is 

given when the null hypothesis was 

rejected by only one test. 

 



Yearly rates of return – part 1 



Yearly rates of return – part 2 



Conclusion 

• The obtained result permit to formulate the 

following conclusion:  

 

• The higher the data compression (daily-

>weekly->monthly->quarterly->yearly), the 

less number of H0 hypothesis rejection.  



Verification of the hypothesis of 

normal distribution of returns for 

the following indexes: CAC40, 

DAX, DJIA, FTSE250, Nikkei and 

S&P500 when the investment 

horizon is equal to one year and 

during 28 up and down waves for 

DJIA index 

 





• If for individual index, at least two out of six tests do not 

allow to reject the null hypothesis, the distribution of 

returns represents a normal distribution in period of the 

analyzed years. Such outcomes were registered for: 

– DJIA: O-C (2013), O-O (2013) and O-C (2013), 

– DAX: C-C (2015), O-O (2015) and O-C (2015), 

– S&P 500: Overnight (2016), 

– FTSE250: C-C (2014), O-O (2014) and O-C (2014), 

– CAC40: O-C (2016), 

– NIKKEI225: C-C (2013), O-O (2013 and 2014) and Overnight 

(2013, 2014, 2015 and 2016).  

 



Up and down waves of DJIA 



Results- Part III 



Results Part III (DJIA) 



Results – Part III (DAX) 



Results Part III 



Results - Part III 



Results – Part III 

• For small K, the highest percentage of 

non-rejecting null hypothesis was 

observed for the DAX index, followed by 

CAC40, DJIA, S&P500, FTSE250 and 

NIKKEI – see figure 9.  

• With the increase of the parameter K, this 

order remained stable. For K=252 the 

deference in percentage of non-rejection 

null hypothesis between DAX and NIKKEI 

was higher than for K=30.  

 



Ranking of equity indices due to the proximity 

of their rates of return to the normal 

distribution 

For example, for K = 30 sessions 

and C-C rates of return the first three 

places were ranked as follows: UX, 

TECDAX and TAIEX, while the last 

three were listed in the order: 

SESESLCT, OMXRIGA and RTS.  

 

In the total ranking, the top three 

places were: AEX, EOE and TAIEX, 

and the last three: OMXRIGA and 

equally placed: RTS and SESESLCT 

 



Conclusions 

• Some of the conducted calculations prove 

unequivocally that the distribution of daily 

returns of equity indexes is not a normal 

distribution, thus confirming the results 

obtained by other researchers such as 

Kendall (1953), Fama (1976), Barunika et 

al. (Barunik, Vacha, Vosvrda, 2010).  

• This remark applies to C-C rates of return 



Conclusions 

• The research shows also that the 

distribution of the remaining daily returns, 

e.g. O-O, C-O and overnight, calculated 

for the analyzed equity indexes does not 

follow a path of a normal distribution. 



Conclusions 
• It has been proved that the distribution of 

returns can be normal only in given time 

intervals.   

• Time intervals can be set as individual 

years or up and down waves.  

• The obtained results are consistent with 

those of Piasecki and Tomasik [Piasecki, 

Tomasik 2013] who proved the normal 

distribution of returns in certain upward and 

downward price movements on the Polish 

market.  

 



Conslusions – stock index 

ranking 
• As a result, it was found that the position 

of the index in the ranking is not 

dependent on the date of its first 

publication, and hence on the number of 

rates of return possible to calculate for 

analyzed index, but on the distribution of 

these rates of return. 

 



• Analysis of the results obtained for K = 30 

sessions concludes that for such short 

time interval, a sharp index change leads 

to a violent decrease in the value of 

parameter p.  

 





• For example, with a strong increase in 

volatility on 19.08.2015, the value of p 

dropped below the trigger value of 0.05. 

Explaining the decrease in the value of 

parameter p below 0.05 for K = 126 and K 

= 252 sessions becomes  more complex 

issue and requires further investigation.  

 



Further research 

• Other markets 

– commodities 

– FX 
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